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We solve the advection-diffusion equation for a stochastically stationary passive scalar θ, in con-
junction with forced 3D Navier-Stokes equations, using direct numerical simulations in periodic
domains of various sizes, the largest being 81923. The Taylor micro-scale Reynolds number varies
in the range 140 − 650 and the Schmidt number Sc ≡ ν/D in the range 1 − 512, where ν is the
kinematic viscosity of the fluid and D is the molecular diffusivity of θ. Our results show that tur-
bulence becomes less effective as a mixer when Sc is large. First, the mean scalar dissipation rate
〈χ〉 = 2D〈|∇θ|2〉, when suitably non-dimensionalized, decreases as the inverse of log Sc. Second, 1D
cuts through the scalar field indicate increasing density of sharp fronts on larger scales, oscillating
with large excursions and reduced mixing. The scaling exponents of the scalar structure functions in
the inertial-convective range saturate with respect to the moment order and the saturation exponent
approaches unity as Sc increases, qualitatively consistent with 1D cuts of the scalar.
Introduction: An important property of fluid turbu-
lence is that it mixes substances extremely well [1]. Thus,
any circumstances in which turbulence loses that prop-
erty is important to study and understand, from both
theoretical and practical perspectives. This Letter ex-
amines one instance in which turbulence loses its abil-
ity to perform mixing. By analyzing a massive database
generated through state-of-the-art direct numerical sim-
ulations (DNS) of the governing equations, we show that
turbulence becomes a weak mixer in high Reynolds num-
ber turbulence when the Schmidt number, Sc ≡ ν/D, is
rendered very large. Here ν is the kinematic viscosity of
the fluid and D is the molecular diffusivity of the mixing
substance.
The rate of mixing of the scalar θ is related to the
average ‘dissipation’ rate 〈χ〉 of its variance, defined as
〈χ〉 = 2D〈|∇θ|2〉. There is a general claim that χ remains
finite even when molecular diffusivity D → 0. This claim
derives from the analogy with the mean dissipation rate
of turbulent kinetic energy, whose essential character is
that it is independent of viscosity when the latter is suffi-
ciently small [2, 3]. There is concrete empirical evidence
that this result is essentially correct [4–7]. The question is
whether the analogous property holds for passive scalars
advected by turbulence for weak diffusivity [8–11]. We
show that it does not hold.
There is some evidence scalar dissipation indeed be-
comes independent of D for small D when Sc = O(1)
[11]—i.e., ν andD are both equally small. Figure 1 shows
that 〈χ〉, non-dimensionalized by the large-scale quantity
〈θ2〉u′/L, becomes independent of D for small D, or for
large Taylor-scale Pe´clet number Peλ = u
′λ/D; here u′
is the root-mean-square (rms) velocity fluctuations and
λ = u′/
√
〈(∂u/∂x)2〉 is the Taylor microscale, and L/u′
is the time characteristic of the large scale L. There was
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FIG. 1. The plot shows the behavior of scalar dissipation rate
as a function of Pe ∝ 1/D. The data in (blue) triangles are
from [11]; the new data are described below. In Ref. [11], the
fit to the data, shown by the dashed line, had the functional
form shown in the legend, with c1 = 0.36 and c2 = 31.
already some suggestion in [11] that the asymptotically
constant values of (〈χ〉L)/(〈θ2〉u′) become smaller with
increasing Sc, but the data available at that time were
limited and inconclusive.
Direct numerical simulations: The data examined in
this work were generated using the canonical DNS setup
of isotropic turbulence in a periodic domain [12, 13],
forced at large scales to maintain statistical stationarity.
The passive scalar is obtained by simultaneously solv-
ing the advection-diffusion equation in the presence of
mean uniform gradient ∇Θ = (G, 0, 0) along one of the
Cartesian directions, x [14]. For Sc = 1, we utilize the
conventional Fourier pseudo-spectral methods for both
the velocity and scalar fields. For Sc = 4 and higher,
2Rλ Sc N
3
v kmaxη N
3
θ kmaxηB
140 1 5123 3 5123 3
140 4 5123 3 10243 3
140 4 5123 3 20483 6
140 8 2563 1.5 10243 2
140 8 5123 3 10243 2
140 8 5123 3 20483 4
140 16 2563 1.5 10243 1.5
140 16 2563 1.5 20483 3
140 16 5123 3 10243 1.5
140 16 5123 3 20483 3
140 32 5123 3 20483 2
140 32 5123 3 20483 2
140 32 10243 6 40963 4
140 64 5123 3 20483 1.5
140 64 10243 6 40963 3
140 128 5123 3 40963 2
140 256 10243 6 81923 3
140 512 10243 6 81923 2
240 1 10243 3 10243 3
390 1 20483 3 20483 3
390 8 20483 3 81923 4
650 1 40963 3 40963 3
TABLE I. Simulation parameters for the DNS runs used in
the current work: the Taylor-scale Reynolds number Rλ, the
Schmidt number Sc, the number of grid points for the veloc-
ity and scalar fields, N3v and N
3
θ , and the spatial resolution
for the velocity and scalar fields, kmaxη and kmaxηB , in that
order. Most of the simulations at Rλ = 140 were previously
reported in [18]. All simulations were run for at least 10
large-scale turnover times in the statistically stationary state,
so all results presented here show excellent statistical con-
vergence. The data for Sc = 256 is from an independent,
unpublished simulation by K. Ravikumar at Georgia Tech,
and corresponds to 5 turnover times.
we utilize a hybrid approach [15–17], where the velocity
field is obtained pseudo-spectrally, focused on resolving
the Kolmogorov length scale η, and the scalar field by
using compact finite differences on a finer grid to ade-
quately resolve the smaller Batchelor scale ηB = η/
√
Sc.
The database is summarized in Table I.
The mean scalar dissipation and the reduction of mix-
ing around the diffusive scale: Here we explore the in-
fluence of Sc on mean scalar dissipation rate, 〈χ〉. We
see in Fig. 2 that the asymptotic value of scalar dissipa-
tion continually decreases with Sc. In fact, using argu-
ments based on functional form of the scalar spectrum,
the authors of refs. [11, 19] showed that the inverse scalar
dissipation rate (〈θ2〉u′)/(〈χ〉L) varies as logSc. In order
to see this behavior clearly, we plot the inverse dissipa-
tion versus logSc in the inset of Fig. 2. The data are in
excellent agreement with expectations.
The observation that the normalized scalar dissipation
tends to zero in the limit Sc → ∞, albeit logarithmi-
cally, suggests that the diffusivity is ultimately incapable
of smoothing the scalar fluctuations and that there is
no mixing at small scales. This picture can be intuitively
0 100 200 300 400 500 600
0.3
0.4
0.5
0.6
0.7
0.8
0.9
100 101 102 103
1
1.5
2
2.5
3
FIG. 2. Test for scalar dissipation anomaly at Rλ = 140
with increasing Sc. The mean scalar dissipation rate is nor-
malized as in Fig. 1. The dashed line corresponds to 1/ log Sc
dependence. The inset shows the inverse of these data versus
Sc on log-linear axes, affirming the log Sc dependence.
understood from a Lagrangian perspective by considering
trajectories of individual scalar particles [20–22]. Phys-
ically, mixing occurs when some local concentration of
scalar particles eventually disperses through the fluid un-
der the combined action of turbulence and molecular dif-
fusion. If we consider two coincident scalar particles, the
diffusivity is necessary to create some finite separation,
thereafter allowing turbulence to take over; however, in
the limit of D → 0, they cannot separate and the action
of turbulence does not manifest [23, 24]. In fact, based
on Lagrangian data of diffusing particles, an indication
of decreasing scalar dissipation with increasing Sc was
already present in [24]. Another useful inference is that
the time to mix a passive scalar increases like logSc; in
the limit Sc→∞, the mixing becomes infinitely slow.
Reduced mixing at larger scales: Figure 3 shows typ-
ical 1D cuts of the scalar field in the direction of the
mean gradient. The upper panel corresponds to fixed
Sc = 1 and increasing Rλ. The well known ramp-cliff
structures (see [25–28]) are clearly evident in all traces,
with disorganized small-scale fluctuations superimposed
on them. With increasing Rλ, small-scale fluctuations
become more conspicuous as one expects, but the steep
cliffs remain. In the lower panel, the cuts are for fixed
Rλ = 140 with Sc varying from 1 to 512. For low to mod-
erate Sc, the ramp-cliff structures stand out as before,
but superimposed on them are oscillations in the scalar
field that become stronger with increasing Sc. The ramp-
cliff structures continue to be present even at the highest
Sc (= 512), but are overwhelmed by sharp oscillations
essentially between the smallest and largest concentra-
tions, generating intermediate levels of the scalar θ far
less frequently (i.e., producing reduced mixing).
The standard interpretation of energy dissipation is
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FIG. 3. Typical one-dimensional cuts of the scalar field,
normalized by the rms, in the direction of the imposed mean
gradient (x), highlighting the changing character of the sig-
nals. L0 = 2pi is the domain length. The curves in the upper
panel correspond to fixed Sc = 1 and Rλ = 140, 390 and
650 from top to bottom; those in the lower panel are for fixed
Rλ = 140 and Sc = 1, 8, 64 and 512 from top to bottom. The
curves are shifted for clarity, as indicated by dotted horizontal
lines.
that it is the ultimate manifestation of energy flux from
the large scales through intermediate ranges to the small-
est. A similar interpretation holds for scalar dissipa-
tion. The vanishing of the scalar dissipation not only
suggests that mixing is reduced at the smallest scales,
but also that there is reduced flux of the scalar variance
at larger scales where the advective action of turbulence
overwhelms the role of diffusivity.
Structure functions: To elaborate this point further,
we consider the scalar increment ∆rθ between two points
separated by distance r, whose moments are the scalar
structure functions. In the so-called inertial-convective
range, the p-th order structure function is expected to
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FIG. 4. The scalar increment exponent, ζp, as a function of
the moment order p for various combinations of Rλ and Sc
shown in the legend. The error bars indicate 95% confidence
interval. The dotted lines at 1.2 and 1.1 correspond to satura-
tion values for the present data at Sc = 1 and 8, respectively,
whereas the dotted line at 1 is the likely saturation value in
the limit of Sc→∞, as will be determined momentarily. The
dashed line, ζp = p/3, is the Kolmogorov phenomenology.
follow a power law of the form 〈(∆rθ)p〉 ∼ rζp , where
ζp is anomalous with respect to the Kolmogorov phe-
nomenology (i.e., ζp = p/3) [9, 29, 30]. In order to ex-
tract ζp, we have followed an analysis similar to the recent
work [31] where ζ2 was obtained by a power law fit in the
inertial-convective range, and higher order moments were
extracted through extended self-similarity. Although not
shown here, we have performed extensive tests (as in [31])
to establish statistical convergence of structure functions
of high orders.
The scaling exponents ζp are plotted against the mo-
ment order in Fig. 4, for Rλ ≥ 390. The results for
Rλ = 650 and Sc = 1 are virtually identical to those of
[31], and reaffirm that the scalar exponents saturate to
limp→∞ ζp = ζ∞ ≈ 1.2. In comparison, the exponents
for Rλ = 390 and Sc = 1 are mostly identical to those at
Rλ = 650, but differ somewhat for p ≥ 12 (possibly due
to a slightly smaller scaling range from which the expo-
nents were extracted). The more important result is that
for Rλ = 390 and Sc = 8 the exponents are consistently
smaller than those for Sc = 1 and appear to saturate
at a smaller value of ζ∞ ≈ 1.1. Evidently, the smaller
saturation value for larger Sc invites the question as to
whether it is bounded as Sc→∞.
To obtain a definitive answer, one needs to obtain data
for higher Sc for at least Rλ = 390 for which convincing
scaling exists (as demonstrated in [31] for Sc = 1), but
they are currently unattainable for large Sc and unlikely
to be obtained anytime soon. We have therefore ana-
lyzed the data at the lower Rλ of 140, for which inertial
range characteristics just begin to manifest [12, 32]. In
4100 101 102
0
2
4
6
FIG. 5. The local slope of p-th order scalar structure func-
tions at Rλ = 140 and Sc = 32, 128 and 512. The curves are
shown for p = 4, 8, 12 and 16. They are shifted vertically for
clarity and the corresponding dashed lines represent a local
slope of unity.
Fig. 5, we show the local slope of the p-th order structure
function for p =4, 8, 12 and 16 and Sc=32, 128 and 512;
the curves for different values of p are shifted for clar-
ity and the dashed lines represent local slopes of unity.
With increasing p, the curves for all Sc progressively get
closer to their respective dashed lines. If we focus on the
region r/η & 30, which nominally corresponds to onset
of the inertial-convective range, it also appears that the
local slope for all Sc are approximately equal for highest
p values, and close to unity—hinting that the high-order
exponents saturate at about 1 as Sc→∞.
Co-dimension result: Finally, we turn to quantifying
the fractal dimension of the sharp scalar fronts and un-
derstanding how it relates to the saturation exponent.
In the recent work [31], the authors found that the sat-
uration exponent ζ∞ and the box counting dimension
DF of the sharp scalar fronts, satisfying the threshold
|∂θ/∂x| ≥ 0.2θrms/ηB, add up to the Euclidean dimen-
sion of the flow, i.e., ζ∞ +DF = 3. In that same spirit,
we perform box counting of the strong scalar gradients
corresponding to sharp fronts, given by N(r) for vari-
ous cubes of edge size r. For the saturation exponent
ζ∞ = 1, the co-dimension DF = 2. In Fig. 6, we plot
the N(r)/N3 compensated by rDF with DF = 2, for
the same cases shown in Fig. 5. Remarkably, the curves
at the highest Sc exhibit an extended plateau for small
scales, consistent with a fractal dimension of 2. For large
r, all curves are consistent with DF = 3, as expected
by the space filling nature at large scales. This consoli-
dates the result that the fractal dimension of sharp fronts
is the co-dimension of the saturation exponent of scalar
structure functions.
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FIG. 6. Compensated plot of N(r), the number of cubes
of side r containing the scalar fronts satisfying the threshold
condition |∂θ/∂x| ≥ 0.2θrms/ηB [31]. Curves are shown for
Sc=8, 32, 128 and 512 for Rλ = 140. N
3 is the total number
of grid points. DF = 3− ζ∞ is the fractal co-dimension. We
set DF = 2 corresponding to ζ∞ = 1.
Conclusions: We have demonstrated by several
means that turbulence becomes an ineffective mixer in
the limit of large Schmidt numbers. The scalar dissipa-
tion becomes smaller, and the scalar field oscillates ef-
fectively between the largest and smallest concentrations
without producing as many intermediate levels. This is
a qualitatively different behavior for the case of unity
Schmidt numbers, and shows that turbulence mixes the
passive scalar poorly when Sc is large. We find that the
exponents of the scalar structure functions saturate for
high-order moments, and that the saturation value ap-
pears to be bounded by unity. We confirm this result
by showing that large excursions in ∂θ/∂x have a co-
dimension of 2. We believe that these results form an
important ingredient in a fuller understanding of turbu-
lent mixing, and note that models like 1D Burgers equa-
tion [33] and the Kraichnan’s passive scalar [34] have the
same behavior of saturated exponents for large moment
orders, leveling off at unity.
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